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Abstract 

We complete the M = 1 superfield action for the generic system of vector mul- 
tiplets and hypermultiplets coupled to 5D supergravity, which is based on the su- 
perconformal formulation. Especially we clarify the gravitational couplings to the 
bulk matters at linear order in the gravitational superfields. They consist of four 
N = 1 superfields, two of which are Z2-odd when the fifth dimension is compactified 
on S 1 /Z2- This formulation provides a powerful tool to calculate quantum effects, 
keeping the M = 1 off-shell structure. 
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1 Introduction 



Higher dimensional supergravity (SUGRA) has been attracted much attention and exten- 
sively investigated in various aspects, such as effective theories of the superstring theory or 
M-theory, AdS/CFT correspondence PQ, the model building in the context of the brane- 
world scenario, etc. Among them, five-dimensional (5D) SUGRA compactified on an orb- 
ifold S 1 /Z2 has been thoroughly investigated since it is shown to appear as an effective 
theory of the strongly coupled heterotic string theory [2J compactified on a Calabi-Yau 3- 
fold [3]. Besides, the supersymmetric (SUSY) extensions of the Randall-Sundrum model [1] 
are also constructed in 5D SUGRA on S 1 /Z 2 [SI El E]- 

The general form of 5D SUGRA in the component field formalism has been clarified 
in the following papers. The couplings of vector multiplets, tensor multiplets and hyper- 
multiplets to SUGRA are discussed in Refs. [8], [9] and [10], respectively. The results 
obtained in these works are reproduced in the superconformal formulation [H]-[l8], which 
is a systematic method to construct generic off-shell action of 5D SUGRA. 

Superfield formulation is an elegant and systematic way to construct SUSY theories. For 
five and six dimensions, the projective superspace approach offers nice off-shell formulations 
of SUGRA [T9l [20] . On the other hand, such full superfield formulation is generically 
complicated and requires many auxiliary fields because of Af = 2 SUSY 3 

It is useful and convenient to express higher dimensional SUSY theories in terms of 
Af = 1 superfields. Such superfield formulation enables us to describe interactions between 
fields localized on the brane and those in the bulk in a transparent manner. It also makes it 
easier to derive the low-energy four-dimensional (4D) effective theory that preserves Af = 1 
SUSY. In the global SUSY case, such description of 5-10 dimensional SUSY theories were 
provided in Ref. [21J. Especially 5D SUSY theories have been extensively investigated 
by the Af = 1 superfield description [22j E31 El]- There are also some works along this 
direction for 5D SUGRA. In Ref. [25] , the linearized minimal 5D SUGRA is constructed in 
Af = 1 superspace. This formulation is useful to calculate quantum loop effects from the 
gravitational fields propagating in the 5D bulk. However it is unclear how to extend their 
formulation to more generic case in which matter fields also propagate in the bulkj^ 

Another Af = 1 description of 5D SUGRA is based on the superconformal formulation. 
Since each 5D superconformal multiplet can be decomposed into Af = 1 multiplets [T7] . 



1 AT = 1 denotes SUSY with four supercharges in this paper. 

2 We refer to fields other than the gravitational fields as matters in this paper. 
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it is possible to express the generic 5D SUGRA action in terms of M = 1 superfields. 
This has been done in Ref. [SHI [21]; an d used to derive the 4D effective theories [2"g]-[52"]. 
However, the superfield action in these works is not a complete one. They did not take 
into account the Z 2 -odd part of the gravitatioinal multiplet, and some terms involving 
the Z 2 -even gravitational fields are also missing. These deficits are irrelevant if we focus 
on low-energy observables calculated at the classical level since Z 2 -odd fields do not have 
zero-modes that appear in low-energy effective theory. However, when we discuss quantum 
loop effects, we have to take into account all fields in the theory, including the Z 2 -odd 
fields. The purpose of this paper is to extend the results of Ref. [26j [27] to include all 
the gravitational fields, and complete the M = 1 superfield action for the generic system 
of vector m ultip,et S and h yP e rm u,t ip ,t 8 coup.ed to 5D SUGRaI In this paper, we keep 
terms up to linear order in the gravitational superfields for each interaction term. This is 
enough for one-loop calculations. Thus our work can also be understood as an extension 
of Ref. |25j to a case that the matter superfields propagate in the bulk. 

The paper is organized as follows. In the next two sections, we review our previous 
works. We provide the superfield description of 4D SUGRA based on the superconformal 
formulation in Sec. El and that of 5D SUGRA in which the gravitational fluctuation fields 
are dropped in Sec. El In Sec. HI the gravitational superfields are introduced as the con- 
nections for the 5D superconformal symmetries. Their couplings to the matter superfields 
are determined from the invariance of the action. Sec. [5] is devoted to the summary. In 
Appendix [Al we check that 4D field strength superfields defined in Sec. [2] correctly trans- 
form as superconformal chiral multiplets. In Appendix [HI we collect explicit expressions 
of M = 1 matter superfields in terms of component fields of 5D superconformal multiplets. 
In Appendix EH we show the invariance of the action under the supergauge and the Z 2 -odd 
superconformal transformations in the superfield description. 

2 4D supergravity 

In this section, we review our previous work [33J that derives the superfield description 
of 4D SUGRA based on the superconformal formulation of Ref. [34J. This is a modified 

3 In this paper, we will not consider 5D tensor multiplets, which are discussed in Ref. [9j [18], just for 
simplicity. For practical purposes, our setup is useful enough because we can construct various phenomcno- 
logical models without them. It is possible to incorporate the 5D tensor multiplets into our formulation 
by using the results in Ref. [18] . 
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version of the superfield formalism in Ref. |35j that makes a relation to the formalism of 
Ref. [M] manifest. We will use formulae in this section to express 5D SUGRA action in 
Sec.H 

We assume that the background geometry is a flat 4D Minkowski spacetime. Basically 
we use the two-component spinor notations of Ref. (36], except for the metric and the 
spinor derivatives. We take the background metric as rj^ = diag(l, —1,-1,-1) so as to 
match it to that of Ref. [31] , and we define the spinor derivatives D a and as 

which satisfy {D a ,D & } = 2ieA<9 M . 
2.1 Definition of superfields 

The 4D superconformal algebra consists of the translation P, the Lorentz transforma- 
tion M, SUSY Q, the R symmetry U(1)a, the dilatation D, the conformal SUSY S and 
the conformal boost K. Among the gauge fields for these symmetries, only the vierbein e -, 
the gravitino ip^, the U{1)a gauge field and the D gauge field are independent de- 
grees of freedom [31]. In our previous work |33j, we showed that these fields form the 
following real superfield with an external Lorentz index. 

V* = (6cr v 6) e/ + i6 2 (9a u a^ v ) - i9 2 (Oa'a^J) + ^9 2 6 2 (3A» - e^ pT d u e pr ) , (2.2) 

where ej 1 = e v ~ — is the fluctuation around the background^ In our formulation, 
we keep the gravitational fields (e ipfj,, A^) up to linear order. Therefore we need not 
discriminate the curved indices fi, v, ■ ■ • from the flat ones \i,y_, - ■ ■ since the background 
geometry is flat. Thus we omit the underlines of the flat indices in the following. 

A (superconformal) chiral multiplet [<p,Xa,F] is expressed by the following chiral su- 
perfield. 

$= + {<p + e x + e 2 F), (2.3) 

where w is the Weyl weight (i.e., the D charge) of this multipletjfl and 

S = g/ - 2i0a^, (2.4) 

4 In the formulation of Ref. [33], the D gauge field does not play any essential role, and can be set 
to zero. This corresponds to the gauge fixing condition for K. 

5 The Weyl weight of a multiplet denotes that of the lowest component in the multiplet. 
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corresponds to the fluctuation part of the chiral density multiplet in Ref. [36]. We have 
worked in the chiral coordinate y >1 = x M — iOa^O to express these chiral superfields. In the 
superconformal formulation of Ref. [34], there is a formula that embeds a chiral multiplet 
into a general multiplet. It is expressed in our superfield description as 

W($) = (1 + iU"d^) $, W($) = (1 - iE^d M ) $. (2.5) 

Each chiral superfield $ in the full superspace integral jd 4 8 must appear in this form. 
A real general multiplet [C, ( a , H, B^, X a , D] is expressed [f| by a real superfields, 

V = jl + | (8 + S) } {C + i9( - i9( - Q 2 U - Q 2 U - {da^d) 

+%e 2 (ex') - w 2 [ex') + h 2 e 2 D'^ , (2.6) 

where w is the Weyl weight of this multiplet, and 



— — (1J 

B'=B^- CVV - CVfc - -zCA„ 



D' = D — -g^d,d v C - iXa^ - -d v C^a^ - i W - — C^&Vv + h.c. 



Here (e -1 ) " = y — y and g^ u = 77^ — — e y/i are the inverse matrices of the vierbein 
and the metric, respectively. 

The gauge multiplet is a real multiplet with w = 0. The gauge field B^ is identified 
with 

= (V + ey ) B£ = (5/ + e/) B„ - CV, - CVv (2-8) 

For simplicity, we consider a case of the Abelian gauge group. An extension to the non- 
Abelian case is straightforward as explained in Sec. 12.31 The (super)gauge transformation 
is expressed in our superfield description as 

V -»■ V + U(A) +U(A), (2.9) 

where the transformation parameter A = <p A + 0x A + 2 F A (in the ^-coordinate) is a chiral 
superfield. Note that A must be embedded into a general multiplet by hi in order to be 



A complex scalar % should be understood as \ (H + iK) in the notation of Ref. 



added to V. We can move to the Wess-Zumino gauge by choosing A as 



-if, xt = -Ko 



u. 



Re0 A 

In this gauge, V is written as 

Vwz = - (6a»9) (e- 1 )^ B u + i0 2 { A - [a v a^ v ) - i6 2 6 {a - [a v a^ v ) B^ 



(2.10) 



+ e 2 6 2 D - (Xa^ + h.c.) + l-A" - -e^9,V )bA, 



(2.11) 



where Bu is understood as the gauge-transformed gauge field. A set of the 



components 



Bn, X a , D 



form a gauge multiplet. 



2.2 Superconformal transformation 

Throughout this paper, we neglect terms beyond linear order in U 11 in the action, except for 
its kinetic terms that are discussed in Sec. 12.4.21 Hence it is enough to ensure an invariance 
of the action under the superconformal transformations up to the zeroth order in 
because it transforms inhomogeneously. The (linearized) superconformal transformations 
of the superfields defined in the previous subsection are expressed as 



1 — — 111 — 

-D 2 L a D a - ia^D a L a d, - —D 2 D a L c 



w - 



D 2 D a L a + h.c. \ V, 



where L a is a transformation parameter superfieldjj Define 



M 24 

B 



(2.12) 



A M „ = -^Re {(a^) p a D a D 2 L^ 



4 



D 2 L r 



1 



ip D = Re I -D a D 2 L. 



4 



•&A = Im I — D a D L 
6 



1 

32 



Va = -—D 2 D 2 L a \ , 



(2.13) 



where the symbol |o denotes the lowest component of a superfield. Then these compo- 
nents are identified with the transformation parameters for P, Q, M, D, U(1)a and S, 
respectively. We have explicitly checked that (I2.12p reproduces the correct superconformal 
transformations of each component field listed in Ref. 



7 This gauge is possible only in the case of w = 0. 

8 We have set fi M in Ref. [53] to zero. This is always possible by imposing constraints on the components 
of L a . 
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2.3 Field strength superfield 

In the Abelian case, we define 

X = (l + hu"o*> [D a ,D & ]\ V. (2.14) 

Then its gauge transformation becomes simpler, 

X^X + A + A. (2.15) 

Hence, a naive definition of a field strength superfield, 

Wr vc = -~D 2 D a X, (2.16) 

is gauge- invariant. However this does not transform correctly under the superconformal 
transformation. From (12. 12jl . we see that 5scVV^ aive contains L^, which must be absent in 
the transformation of a chiral superfield. Thus we modify (12. 16ft as 

W a = ~D 2 [D a X] E , (2.17) 

where 

[D a X] E = D a X - hj^D a D p D p X (2.18) 

is determined so that 5 SC [D a X] E does not contain In fact, this transforms correctly 
as a (superconformal) chiral multiplet with w — |, as shown in Appendix. |A] Notice that 
this modified superfield preserves the gauge invariance under (I2.15p . We have checked that 
each component of W a reproduces the correct forms of the field strength and the covariant 
derivative of the gaugino in Ref. [33] . 

Next we consider the non-Abelian case. In this case, there is no counterpart to X in 
the Abelian case, and the gauge transformation is given by 

e v ^U(e A )e v U(e A ). (2.19) 

Thus a naive definition of the field strength superfield, 

does not transform covariantly not only under the superconformal transformation, but also 
under the gauge transformation. We modify W° aive in the same strategy, and obtain 

W a = \D*[e v D a e- y ]^ (2.21) 
7 



where 

V D ^' V ]^ = eVD ^~ V ~ \*t fi D a U"Dt (e v D,e- v ) 

+iD a U >1 e v d fl e- v - iU^d^ (e v D a e~ v ) , (2.22) 

is determined so that its 5 SC - variation does not contain This transforms correctly as a 
(superconformal) chiral multiplet with the Weyl weight 3/2, as shown in Appendix [A] In 
fact, [e y -Dc,e~ y ] E transforms under the gauge transformation (12.191) as 

[e v D a e- y ] E -> e A [e v D a e~ v ] E e" A + e K D a e~\ (2.23) 

so that Wq, transforms covariantly. 

W Q -> e A W a e" A . (2.24) 
Therefore, (12.211) is the desired field strength superfield. 

2.4 Invariant action 

2.4.1 F- and Z?-term formulae 

Now we construct invariant actions under the gauge and superconformal transformations. 
First, let us consider the chiral superspace integral of a chiral superfield W, 

S F [W] = Jd 2 9 W + h.c (2.25) 

We can easily check that this is invariant under (I2.12p when the Weyl weight of W is 3. 
This is the superfield description of the F-term action formula in Ref. |34j . 

Unlike the chiral superspace integral, the full superspace integral of a real scalar super- 
field Q is not invariant by itself for any choice of the Weyl weight. An invariant action can 
be constructed with the aid of the gravitational superfield [7 M as 

S D [Q]=2 Jd 4 x Jd 4 9 (l + ^Eijn, (2.26) 

where the Weyl weight of Q is 2, and 

E 1 = y**[D a ,D & ]U> 1 , (2.27) 



The factor 2 is necessary to match the normalization of the D-term action formula in Ref. 



8 



which transforms as 

S^Ex = - l -D 2 D a L a + ^a^D«L a + h.c. (2.28) 

The action (12.261) reproduces the D-term action formula in Ref. [31] up to linear order in 
the gravitational fields. 

In summary, 4D SUGRA action is described by using (12.251) and ( 12. 26ft as 

1 



S^ B) = S D [Q] + S F 



& c w - -w a w a 



^l = J-\U^ c )\ 2 e- K '\ (2.29) 

where $c is a chiral compensator superfield with w = 1, and K and W are the Kahler 
potential and the superpotential, which consist of only the physical superfields with w — 0. 

Here we comment on the superconformal gauge-fixing. In order to obtain the usual 
Poincare SUGRA from the superconformally symmetric action, we have to impose the 
gauge-fixing conditions to eliminate extra symmetries D, S, U(1)a, K. For example, they 
are given by 

C n = ~, ( Q = 0, arg(0 c ) = O, 6 M = 0, (2.30) 
in the unit of the Planck mass, Mpi = 1. Here [C n ,( n ,- • ■] 

is a real general multiplet cor- 
responding to the real superfield Q, and <pc is the scalar component of the chiral multiplet 
corresponding to $o The last condition is already imposed in our superfield description 
as mentioned in footnote HI The gauge-fixing (12.301) leads to the canonically normalized 
Einstein-Hilbert term. For a choice of Q in ( I2.29p . the first and third conditions in fl 2 . 3 1) 
are summarized as (f>c = exp(K| /6). 

2.4.2 Kinetic terms for 

Since we have neglected terms beyond linear order in U^ 1 , eqs. (l2.25p and (I2.26P do not 
contain its kinetic terms. In order to deal with them, we introduce quadratic terms in 
that are independent of the matter superfields. Namely, we extend (I2.26|) as 

S D [Q] = Jd 4 x jd A 6 |e 2 + 2 (\ + ^E^j fij , (2.31) 

where E 2 is quadratic in f/ M and independent of the matter superfields. Since S SC E 2 is linear 
in E 2 is determined by the requirement that a matter-independent part of ^cSd^] 
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vanishes up to linear order in the gravitational fields. We consider a case that f2 is given by 
(I2.29p . In order to pick up the matter-independent part of Q, we expand the compensator 
superfield <3>c* around the background value (cpc) = ( ex P(-^/6)) as 

<$>c = (e K/6 ) + $c. 



(2.32) 



Then, from ( I2.12p . we have 

S sc n = ~(e K ' G ) (Sjic + iU^Sjfc) (e~ K/3 ) + h.c. + • • 
= ~ (D 2 D a L a + h.c.) + lu»dp UD 2 D a L a + h.c.) + ■ • 

o o 

Thus we can show that 



(2.33) 



d A x Jd A 9 |<5 SC £ 2 + ~6 ac Ei£l + 2 ^1 + -EA 5 sc tt 
Jd A x jd A 6 ^5 sc E 2 + ^E 1 (D 2 D a L a + \i. C ) 

+ -Wd^ (iD 2 D a L a + h.c.) | + • ■ ■ 
jd A x Jd 4 9 !^5 SC E 2 - ^Et (D 2 D a L a + h.c.) j + • • • 



(2.34) 



where the ellipses in (12.331) and (I2.34p denote matter-dependent terms. We have performed 
partial integrals at the second equality. Therefore, E 2 must satisfy 



5 SC E 2 = -Ei (D 2 D a L a + h.c.) . 



From this condition, E 2 is identified as 



E 2 = -\u,D a D 2 D a U» + \e\ - (d,Un 2 
o o 



(2.35) 



(2.36) 



Let us compare (12.31)) with the action in Refs. [251 EZ]- The action ( 12 .31)) is rewritten 



as 



S D [Q] = jd A x Jd 4 9 S.E 2 - 



-K/6\ 



| -<T™[D a ,D 6 ]U»($c + * 



c 



c 



3t(e- K / 6 )U»dJ<5> c -<S>c)\ + 



d A x d A 9 IE. 



c 



+ 2i(e- K ^)dM" ( <§ c - l G ) \ + ■ ■ ■ . (2.37) 



We have performed partial integrals. In Refs. [25, 37] . the compensator superfield E cp is 
fixed by the gauge-fixing as E cp = e' x + 9 2 F in our notation. From (12. 3p and ( 12. 4p . on the 
other hand, we see that &c — \( eK ^)& l I l + 9 2 F® C + • • ■ after the gauge-fixing. The ellipsis 
denotes terms involving phyiscal matter fields. Thus £ cp is identified as S cp = 3(e~ K / 6 )Q>c- 
With this and ( I23BD . we find that (127371) agrees with (3.19) of Ref. [25]. 
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3 5D supergravity 



Now we consider 5D SUGRA. We assume that the background geometry is flat, 

ds 2 = rj^dx^dx" -dy 2 . (3.1) 

We will extend it to the warped geometry in Sec. 14.71 The following superfield description 
is based on the superconformal formulation of Ref. [T4^-[17j. 

3.1 Decomposition into Af = 1 multiplets 

The 5D superconformal transformations are devided into two parts 8sl and 8sc\ where 
5^ forms an Af = 1 subalgebra, and 8$$ is the rest part. We mainly focus on 8gc in 
the following discussion. We will consider 5 SC in Sec. 14.41 As shown in Ref. [T7], each 5D 
superconformal multiplet can be decomposed into Af = 1 superconformal multiplets, which 
only respect 8^ manifestly. 

A hypermultiplet HP (a = 1, 2, • • • , ric + tih) is decomposed into two chiral multi- 
plets ($ 2a_1 , $ 2a ), and a vector multiplet Y 1 (I = 0, 1, ■ • • , ny) is into Af = 1 vector and 
chiral multiplets (V I ,H I ). Here ric {nu) and ny are the numbers of the compensator 
(physical) hypermultiplets and the physical vector multiplets. These Af = 1 multiplets are 
expressed by Af = 1 superfields as explained in the previous section. The explicit forms 
of these superfields are listed in Appendix Q3] Here there is one point to notice. In the 
decompositions in Ref. [T7], the Z 2 -odd fields are dropped because such decompositions 
are considered only on the S 1 /Z 2 boundaries where the Z 2 -odd fields vanish, in order to 
describe couplings between the bulk multiplets and 4D multiplets localized on the bound- 
aries. In this paper, on the other hand, the Af = 1 decompositions are considered in the 
bulk. Therefore, each component of the Af = 1 superfields listed in Appendix [B] may be 
corrected by terms involving the Z 2 -odd fields. We will come back to this point in Sec. 14.51 

The 5D Weyl multiplet (or the 5D gravitational multiplet) is also decomposed into 
Af = 1 multiplets. Here ~Kw consists of the fiinfbein e^, the gravitini ip^, the SU{2)u 
gauge field V^, the D gauge field 6 M , an antisymmetric auxiliary tensor v^-, and other 
auxiliary fields. The 5D indices M,N — 0, 1,2,3, y and M,N = 0,1,2,3,4 denote the 
curved and the flat ones, and i — 1,2 and r = 1,2,3 denote the S , f/(2) [ /-doublet and 
triplet indices. In the case that the extra dimension is compactified on S 1 /Z 2 , the Z 2 -even 
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part of Kw forms the M = 1 Weyl multiplet and a real general multiplet, which can be 
expressed by the following superfields^f! 

= {0a u 6) e/ + id 2 {6a u a^t) ~ i° 2 (^V^) + 9 2 9 2 (v 3fl + v\ - ^ upT d u e pT ^j , 
Ve = { 1 - ~ (£ + £) } { (1 + V) + 29^ + 2% - % 9 2 (Vi + <) + % 9 2 (y* - % V 2 ) 

-l{Qo»$){Vl - 2 «*} + •••}. ( 3 - 2 ) 



where e^ v = e^r — 5m , the 2-component spinors are defined from the 4-component 



notation of Ref. [T7] through (IB. 6|) . and 



(3.3) 



As mentioned in Sec. 12.11 we need not discriminate the curved and the flat indices since we 
keep the gravitational fields up to linear order and the background geometry is flat. Thus 
we again omit the underlines of the flat indices. 

The 5^ -transformation laws of the above superfields are the same as the 5 SC - 
transformation in the previous section. Namely, 



SgV 1 



-~D 2 L a D a - ^a£ & D*L a d ll + ^D 2 D a L c h.c. ) \ ), 



1 - 
24 
1 = 



1 = 
4 

- l -D 2 L a D a - iarD a L a d p - ^-D 2 D a L a I <T, 
~D 2 L a D a - l -*» & D"L a d u + h.c. ) V 1 , 



--D 2 L a D a -ia^D & L a d ll )E I 



(3.4) 



^— — ~- < > nil- — A* 

where the index a runs over the whole 2(ric +tih) chiral multiplets coming from the hyper- 
multiplets. Notice that the Weyl weights of these superfields are w(Ve) = — 1, u>($ a ) = 3/2, 
and w( V 1 ) = wfT, 1 ) = 0. Since Ve has a nonzero background value (Ve) = 1, the gravita- 
tional fluctuation superfield is Ve = Ve — 1, and its transformation law should be written 

as 

8£V E = ^{D 2 D a L a + h.c), (3.5) 

up to the order concerned in this paper. However, since Ve behaves as a real general 
multiplet under Ssl\ it is sometimes convenient to treat it as a matter multiplet. 



10 Just like in the 4D SUGRA case, the D gauge field can be set to zero, which corresponds to the 
K gauge fixing. 
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3.2 Superfield action without gravitational fluctuation modes 

In order to identify the gravitational coupling to the matter superfields, we start with the 
5D superfield action in which the gravitational fields are fixed to their background values. 
Such an action was derived in Ref. [261 E71 as 11 



'vector \ 
'0 J ' 



+ Jd 2 6 ®% h p- h c (dy ~ 2igZ I t i y i ® l + h.c., 

+ Jd 2 9 ^ {-E'VtfK + ^ (Z»«) W *} + h.c, (3.6) 

where $ F = ($ b ) f , = diag(l 2 n c , -^2n H ), Pal = i(T 2 <8> l nc +n H , and real constants Cjjk 
are a completely symmetric tensor. The generators tj (I = 0,1, ■■■ , ny) are anti-hermitian 
and normalized as tr(t/tj) = — |. The gauge couplings g can take different values for each 
simple or Abelian factor of the gauge group. The assumption of the 5D flat geometry (13. ip is 
equivalent to that the compensator hypermultiplets H a (a = 1, • ■ • , n c ) are gauge-singlets. 
For simplicity, we consider a case of Abelian gauge group in the following. An extension to 
the non- Abelian case will be discussed in Sec. 14.31 Then the field strength superfields Wq 
and Vq are defined as 

WL = —^D 2 D a V I , 
Vd = -dyV 1 + E z + E 7 . (3.7) 

Here and henceforth, the suffix denotes quantities that the gravitational fluctuation 
modes are dropped. The second line in £^ ector corresponds to the Chern-Simons terms, 
and Zq Ja is defined as [2Tj 

Zl Ja = V I D a d y V J - d^D^V 3 . (3.8) 

The gauge kinetic terms arise from the first term of the second line in £™ ctor after the 
superconformal gauge-fixing. 



11 The sign of the <i 2 #-integral in £hyper is opposite to that of Ref. [55]. This stems from the sign 
difference in the definitions of the i^-terms in the chiral superfields there. 
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4 Gravitational couplings 



Now we turn on the gravitational fluctuation fields, and specify their couplings to the 
matter superfields. The easiest one to obtain is couplings with Ve = Ve~ 1- In our previous 
work |26j, we have already found the Vg-dependence of the action. It only appears in the 
<i 4 #-integral as 

S=-Jd 5 x Jd A 6 V E {24% (e- 2i ^)°_$ E + CukV^V^vA + ■■■. (4.1) 

Next we specify couplings with the other gravitational superfields. We devide the 5D 
action into the sectors of the hypermultiplets, the vector multiplets, and the gravitational 
kinetic terms. 

4.1 Hypermultiplet sector 

Let us first consider the hypermultiplet sector. We can easily specify the couplings with 
JJ^ defined in (13. 2p by the procedure explained in Sec. [2j Namely, replace (anti-)chiral 
superfields in the d A 8- integral with the embedded ones defined in (12.51) . and modify the 
integrand as (I2.3ip . Here E\ and E 2 are constructed from in (13. 2p . 

However these procedures are not enough to construct an invariant action under the 
<5sc -transformation. Note that d y Q a does not transform as a chiral multiplet under 



sc , 



8<£d y <s> a = d y 

~D 2 L a D a - ia^L a d^ - ^D 2 D a D a L^j d y ^ 

+ (-^D%L a D a - ia£ & D%L a d li - ^D 2 D a d y L^j (4.2) 

In order to eliminate the terms involving d y L a in the second line, we introduce a spinor 
superfield ^> a that transforms as 

= -d y L a , (4.3) 

and covariantize the derivative d y as 

a 1 _ _ in — 

dy = d y - -D 2 V a D a - ia^D**^ - -D 2 D a V a , (4.4) 
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where w is the Weyl weight of a superfield which d y acts on. Then, d y $ a transforms just 
in the same way as $ a does. As a result, £Q yper is promoted as 

£ hypcr = 2 jd A 6 |^Le 2 + (l + ^E^j ft hypcr J 

+ Jd 2 e^d^fy- b -c{d y -2igT J I t i y_^ 1 + \i.c., (4.5) 

where 

^hypcr = -V E d}U{^) (e- 2t9Vltl Y_U(^), (4.6) 
and f2[? yper is a constant part of f2 hyper , which is determined by the D gauge fixing condition. 

4.2 Vector multiplet sector 

Next we consider the vector multiplet sector. The gauge transformation <5 gaU ge is given by 

S^V 1 =U(A I )+U(A I ), 

^gauge^ ^V^- i 

<W $S = 2i0A I (t J )* ? $*, (4.7) 

where the transformation parameter A 7 is a chiral superfield. We can easily check that 
( 14. 5 p is invariant under this transformation. 

The field strength superfields Wq q should be modified as (I2.17P with the aid of U^. 

Wl = [d^X 1 - l -U^D a D p D p X^ , 

X 1 = (l + \u»d%* [D a , D & ] ) V 1 . (4.8) 

This is invariant under S gange . 

Now we modify the other field strength superfield Vq. First, S 7 and S 7 in (13 .7p should 
be replaced with W(S 7 ) and W(E 7 ). Thus the first term in (13. 7p must be modified so that 
its gauge transformation is U^dyA 1 + d y A T ). Here we redefine d y as 

d y = d y - (jD** a D a + ^D^ a D^D a + ^±^D 2 D a V a + h.c.) , (4.9) 

where n is a chiral weight, i.e., the charge of U{1)a C SU(2)u, and (lo + n)* = w — n. This 
reduces to the definition C I4.4D when it acts on a chiral superfield. Since X 1 transforms as 
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SgaugeX 1 = A 1 + A 1 , we find that Sg^gc^dyX 1 ) = dyA 1 + d y A I . Therefore, Vg is modified as 



4 + \d y U^ a [D a ,D & ]J V 1 +W(E / ) 



(4.10) 



This transforms under 5ge in the same way as V 1 does. 
Hence the c? 4 #-integral in £™ ctor is promoted as 

^vector = 2 /"^ f + H + -E^ Q vectm \ + <j I d 2 6 W° S + h.C. \ , ( I. I I ! 



3' 



where 



^vector = _y-2^W V /yJ V K j ( 412 ) 

and f^ ector is a constant part of f2 vector , which is determined by the D gauge fixing condition. 
The holomorphic function W includes the Chern-Simons terms, and will be specified in 
the following. 

Notice that there is no operation in the superconformal tensor calculus corresponding 
to D a (Da). Hence promoting D 2 Zq£ in (13. 6 p to SUGRA is a nontrivial task. We have 
to modify it so that it transforms just in the same way as W 7 under Sil\ i.e., as a spinor 
chiral superfield with w = |. The strategy is similar to that we applied in Sec. 12.31 Since 
dyX 1 transforms in the same way as X 1 , 

[D a d y X% ee DjyX 1 - h^DaDpDpdyX 1 (4.13) 

also transforms in the same way as [D Q X 7 ] E defined in (12.180 . Namely, their transforma- 
tion laws are given by 

€ Me = {-\D 2 L"D, - i^L%^ 

+ (-\D a D 2 L? - Ipa&lfib^ tf, (4.14) 

where y^ = D&X 1 , DJdyX 1 . Furthermore, we define 

[*Me = Xl Me - \°f {WDpDfiX'yl + DJJ^D^yf) , (4.15) 
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where X 1 = X 1 , d y X ! , so that the L-dependent terms in its die ^-variation are cancelled. 
Then we find that this also follow the same transformation law as (14. 14ft . This indicates 
that D 2 \_X I y£\- E transforms under 8$ just in the same way as W 7 does. 
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However, (I4.13P is not a unique way to promote DadyX 1 . The following quantity also 
transforms as (I4.14p . 



1 = . 



[d y D a X\ = d y [D a X\ + ( --D 2 ^D P - i^D^% ) D a X T 



{-\D a D^- l -D a D^D H )D,X\ 



(4.16) 



The variations of the second and the third terms cancel the <9 y L-dependent terms coming 
from the variation of the first term. The quantities in (I4.13P and (I4.16P are related to each 
other as 

[d y D a X% = [D a d y X% + \ (cr^dyU, + Dp* - D a * $ ) D 2 D^X I . (4.17) 
Therefore, the promoted form of Z§ ] a is expressed as 

Z'J = (1 - a) [X'D^yX^ + a [X'dyD^]^ - [dyX'D^^ , (4.18) 

where a is a constant that cannot be determined only by the (^-invariance of the action. 
As shown in Appendix IC.1[ we find that the gauge invariance requires that a — 1. As a 
result, W is expressed as 



W 



cs 



^-E I W J W K + ^D 2 (Z IJa ) Wf } , 



Zi J = [X^yD^X- 



b y X l D a X J 



(4.19) 



4.3 Non-Abelian case 



Here we consider the case of a non-Abelian gauge group. For simplicity, we assume that 
the whole gauge group is a simple non-Abelian group. In this case, it is convenient to 
use a matrix notation (£, V) = 2ig(T, 1 , V J )ti. The Lagrangian of hypermultiplet sector is 
written as 



£ |1VI> " 1 ' = "2 Id 1 a I ^1e 2 + (i + \ei ) { - ) - Uyr "' : \ + 



d 2 e w hjper + h.c. 



^hyper _ ^ _ ^ _ fg y + ^ ^ 



(4.20) 



where d = diag(l nc , — l nH ), and $ oc jd and $ eve n are [n c + n#)-dimensional column vectors 
that consist of $ 2a_1 and $ 2a , respectively. This Lagrangian is invariant under the following 
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gauge transformation. 



$odd^ (e- A )*$ 



odd; 



S ->• e A s - a 



(4.21) 



if e commutes with ci. 



Next we consider the vector multiplet sector. The index I is now understood as that 
of the adjoint representation of the gauge group. For the constant tensor Cuk, there is a 
set of hermitian matrices {Ti}, which satisfies [H] 

(4.22) 



C IJK = hr (Tj{Tj,T k }). 
o 



In general, {T/} are not normalized, and related to the normalized anti-hermitian matri- 
ces {ti} through tj = iTj/c, where c is a real constanto Then, an extension of r2 vector in 
(14. lip to the non-Abelian gauge group is given by 

^3 



n 



vector 



48c/ 3 



V^tr (V 3 ) 



where 



V = -{d y + ^d y U^ a [D a , D„] J e v e~ v + U(E) + e v U(p)e 
The £7^-, \l/ Q ,( 1 l , Q)-independent part of W cs in (14.111) is expressed as [38] 



v 



W, 



cs 



i6r 



rtr 



-SW 2 + -D 2 (Z ( 



(4.23) 



(4.24) 



(4.25) 



Here we have taken the Wess-Zumino gauge, and thus, 

W 0a = \d 2 (e v D a e- y ) = --D 2 D a V + l -D 2 [D Q V, V] 
Z« = {V, d y D a V} - {d y V, D a V} , 



(4.26) 



and W£ } is a quadratic part of Wo a , i.e., = \D 2 [D a V,V]. The couplings to the 

gravitational superfields £/ M and ^ a can be obtained in the same manner as in the 
Abelian case. Namely, (I4.25P is modified as 



W 



cs 



16g 3 



rtr 



-SW 2 + ^D 2 (Z a ) \W a - ^Wf 



(4.27) 



1 In a case that the gauge group is a product of simple groups and Abelian groups, the constant c can 
take different values for each simple or Abelian factor group. 
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where W a is defined in ( 12 .211) . Wa is its quadratic part in V, and 

Z a = [{X, d y D a X}] E - [{d y X, D a X}] E . (4.28) 

Here X = (l + jU^a^ a [D a , A*]) V, and the definition of [• • -] E is similar to the Abelian 
case. We can see that (I4.27P reduces to (14.191) when the gauge group is Abelian. However, 
the gauge-invariance of the action is not manifest now since we have chosen the Wess- 
Zumino gauge. 

4.4 Kinetic terms for gravitational superfields 

Now we consider the kinetic terms for the gravitational superfields. Those for U^ 1 are 
obtained just in the same way as we did in Sec. 12.4.21 In addition to them, we can 
construct the following invariant Lagrangian term from (13.41) and ( 14.3(1 . 

C c = 2 J&ObCCv 

C, = dyUp + l -af (D & V a - DA) , (4.29) 

where b is a real constant. Since this is invariant both under Ssl and 6 gaugc by itself, a 
constant b cannot be determined by those symmetries. Hence we now consider the invari- 
ance under the rest part of the 5D superconformal transformation <5 SC . This contains the 
translation along the fifth dimension P 4 and the Lorentz transformation that mixes 

x M and y. Comparing our gravitational superfields with the counterparts in Ref. [25], we 
expect that the transformation parameters of dsc 1 form a chiral superfield Y = £ 4 + • ■ ■ , 
and a real scalar superfield N = (6a^6) + • • • , where £ 4 and A M 4 are the transformation 
parameters for P 4 and M^, respectively. This will be confirmed in the next subsection. 
There, we will also see that ty a contains e y ~. Thus there should be another gravitational 
superfield that contains e 4 . From the correspondence to Ref. [25], such additional super- 
field is expected to be a real scalar superfield U 4 whose superconformal transformations 
are given by ^ic^ 4 = and S^U 4 = N. 
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We find the <& -transformation laws of the Af = 1 superfields as 

6g>U» = 0, 6®V E =la y (Y + ?), 5W* a = l -D a N, 5i?U* = N, 
4 2)< ^odd = Yd y $ odd - l -D 2 [N (e- v Y <l cvcn } , 
4 2) $ evcn = Yd y $ evw + % -D 2 jiVe y <5 odd } , 

8g)e v = i (Y + Y) d y e v + iN (Ze v - e v tf) , 

4 2) S = d y (YE) - l -D 2 (p a ND a e v e- v ^j , (4.30) 
where (S, V) = 2ic/(£ 7 , V 1 )^, and 

N = N - % -(Y -Y) . (4.31) 
Here we modify some quantities by adding terms involving U 4 . We redefine U in (12. 5 ft 

as 

ZY($) = (1 + iE^fy + iU A d y ) $, W(<5) = (1 - it/^ - i[/ 4 <9 y ) $, (4.32) 

for a chiral superfield In the following, we assume the Abelian gauge group, for sim- 
plicity. Then we modify X 1 in (14. 8 j) as 



X 1 = + Vaf [£>„, D d ] ) V 7 - *f/ 4 (£ 7 - S 7 ) , 



(4.33) 



so that the gauge transformation law Sg^geX 1 = A 7 + A 7 is maintained. This modification 
does not change the 8^1 -transformation law of it, and under the (^-transformation, 

5&X 1 = \ (Y + Y) dyX 1 + \{Y-Y) (S 7 - S 7 ) . (4.34) 
With this definition of X 1 , (^W 7 does not depend on N. We also redefine the other field 

j _________ ^\ 

strength superfield V and in (I4.29P so that their Sg C -transformation are independent 
of N, 

V 7 = (l - X -U^ a [D a , D & YJ {-dyX 1 + S 7 + S 7 ) - ^-D a (U 4 Wi) + h.c.j 
d y + ^d y U^ a [D a , D & ] JV T + W(S 7 ) + W(S 7 ) + idyll 4 (E 7 - S 7 ) 
- (^-D a U A Wi + h -c- 

C„ ee d y U, + ^ Q - Djl & ) + <9^ 4 . (4.35) 
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The redefined field strength superfields transform as 
^L = \D 2 D a ^-{Y + Y)V I Y 

4 2) v 7 = d y {- (Y + Y) V'} + (^TW^ + h. 

€K = fa {Y-Y). (4.36) 

As shown in Appendix IC.2t the (^-variations of the <i 4 #-integral and the <i 2 #-integral 
parts of the Lagrangian are cancelled at the zeroth order in the gravitational superfields, 



5^ 



2 d 4 e n + < d 2 e w + h.c. 



0, (4.37) 



where Q = fi hyper + Q vcctor and W = W hyper + W cs . We have dropped total derivatives. 
In order to determine a constant b in ( 14.291) . we now take into account linear order 

(2) 

contributions to the matter- independent part of 5 SC £ in the gravitational superfields, as 
we did in the 4D case discussed in Sec. 12.4.21 Here note that U A can be completely gauged 
away by the iV-transformation. We will take such a gauge in the following. Next, in order 
to pick up the matter-independent part of the action, we expand chiral superfields $ dd, 
$even and Y* 1 around the backgrounds as 

$odd = ($odd) + $odd, $even = ($even> + $even, ^ = {^} + • (4.38) 

where the backgrounds ($ dd), ($even), and (S 7 ) are functions of only y, and satisfy 

(S'odd^^odd) + (^cvcn)^ even/ ± i 

C IJK (2Re (E / ))(2Re (S J ))(2Re (E K )) = 1. (4.39) 

These conditions come from the D gauge-fixing, which we will explain in Sec. 14.61 Then, 
we obtain 

& vccto " = -\d y {Y + Y) + ^d y (Y — Y) d fl U ,M H , 

SifW cs = + ■ ■ • , (4.40) 

where the ellipses denote matter-dependent terms and higher-order terms in the gravi- 
tational superfields. We have used (14.391) . The ^-dependent term appears since d y in 
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5^W hjper in ( 1C.15I) should be understood as d y when we take into account the linear order 
contributions in the gravitational superfields. Thus the Ssc -variation of the 5D Lagrangian 
with ffl~29l) . 



is calculated as 



d A 6 < E 2 + 2bC fl C. +21 + -Ei ) Q 



d 2 6 W + h.c. 



6i 2 JC = jd 4 6 4bC^C,- 1 -d y {Y + Y)E 1 



d A e 



+ V (Y - Y) {3d y U, + of (D & * a - Djf & )} 



■ &> (y - Y) (AbC, + 2C,) 



(4.41) 



(4.42) 



where the ellipsis denote matter-dependent terms and higher-order terms in the gravita- 
te 

tional superfields. We have dropped total derivatives. Therefore, the £ sc -invariance of the 
action requires that b = — |. 



4.5 Identification of components in VE^ and U 4 

In this subsection, we identify the components in the Z 2 -odd gravitational superfields \1/ Q 
and U 4 with the component fields in Ref. [TTJ . By comparing ( !4.3Up with the superconformal 
transformations in Ref. [IT], we identify components of Y and N as 



Y = e + Me-+i6 2 « + <), 

n = (0<r"0) (a m4 + o^ 4 ) + e 2 e (V - -fd^-) + e 2 e 



+ 



(4.43) 



where we take the chiral coordinate for Y. The parameters £ 4 , A M 4, and dy (r = 1,2) 
are the transformation parameters for P 4 , and SU{2)u/U{1)a- The spinors e~ and 

are the Z 2 -odd components of the transformation parameters for Q and S. 

Therefore, each component of ^ Q and U 4 are identified as 



D 2 D^ a \ 



(7^ P 

2 



3i 



-(^X) a + 4<a 



-4^ K + ^^ 2 ) 



and 



£/ 4 = (0^0) e 4 + j^ 2 (flo^) - U 2 (9a^~) + 



(4.44) 



(4.45) 
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Notice that appears in the action only through and its derivatives. Thus \I/ a |o 

and D a ^ p\q are irrelevant to the physics. 

There is one comment on the component identification for the matter superfields. As 
mentioned in Sec. 13.11 each component of the J\f — 1 superfields listed in Appendix |B1 may 
be corrected by terms involving the Z2-odd fields. In fact, we need such correction terms in 
order to reproduce the correct superconformal transformations in Ref. [17]. For example, 
Ca^ i n CEO) must be modified as 

^C + \{^%) a A 2 r l . (4.46) 
4.6 Elimination of unphysical modes 

Since our action is based on the superconformal formulation, there are unphysical degrees 
of freedom to eliminate. 

As pointed out in Ref. [29], Ve does not have a kinetic term and can be integrated 



out 



From (14. II) . Ve is expressed as 



1/3 



where 

Qh s _ fi hypcr k=i = U(^ odd )d(e v Yu(<l> odd ) +U(1>l cn )de- v U^ even ), 
n v = -2n vcctOT \ VE=1 = C IJK V I V J V K = -^tr (V 3 ) . (4.48) 
After integrating it out, Q in the action becomes 

n = -^(n h ) 2/3 (n v ) 1/3 . (4.49) 

In order to obtain the Poincare SUGRA, we have to impose the superconformal gauge 
fixing conditions to eliminate the extra symmetries. The following conditions imposed on 
the hypermultiplet sector fix those symmetries. 

dshfi 1 = ^Idd^odd + ^Ln^evon = 1, 
d a b( HX a = 0odd^Xodd + 4>t ven dXeven = 0, 
^d^PbcX = 0odd^Xeven ~ 0even^Xodd = 0, 

1 = 0, arg(0 2 ) = 0, (4.50) 



13 This does not mean that e y A is an auxiliary field. It is also contained in S 7 , which have their own 
kinetic terms. 
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in the unit of the 5D Planck mass M5 = 1. Here [<p a ,x a , • • ■] is a chiral multiplet corre- 
sponding to a chiral superfield $ a . The first condition fixes the D gauge, the second and 
the third fix the S gauge, and the fourth and the fifth fix the SU{2)u gauge. The K gauge 
is already fixed in our formalism. In the single compensator case nc = 1, for example, 
They are rewritten as 

2(n H +l) A 

1+ E 

2(n H + l) _ 2(n H +l) 

3d = -OT _1 E x^ = (0 2 )" E w ( 4 - 51 ) 

a,b=3 a = 3 

The components of the compensator hypermultiplet are now expressed in terms of the 
physical fields. 

Instead of the first two conditions in (I4.50p . we can also take the following gauge fixing 
conditions. 

tt\ = 1, D a n h \ = 0. (4.52) 

Notice that these are different from (I4.50p due to the existence of £ in (12.31) . These 
conditions can be rewritten as 




D 



= 0, (4.53) 





or 

fi|o = ~V E \o, D a {l\o = ~D a V E \ . (4.54) 

We have used fOTj) . 

The expression f)4.49p is useful to compare our superfield Lagrangian to that of Ref . [25] . 
For simplicity, we consider the single compensator case. In this case, $ 2 plays a similar role 
to the chiral compensator multiplet in 4D SUGRA. To emphasize this point, we redefine 
$" as $ c = ($ 2 ) 2 ^ 3 and $" = $"/$ 2 (a 7^ 2) so that their Weyl weights are one and zero, 
respectively. In a case that the background values of physical matter fields are zero or 
negligible compared with M 5 , (I4.38P is rewritten as 

$0 = 1 + $^, $« = () + •••, E J =(E I )+E / , (4.55) 

where 1^2, and the ellipsis denotes terms involving the physical matter fields. Then, 
( I4.49p is rewritten as 

Q = -~ |W($ C )| 2 (1 + • • -) 2/3 {l + 8C IJK (Re (S / ))(Re (Z J ))ReU(t K ) + • • •} 

{l + T + T + Wd^T-f) + •••}, (4.56) 



2 
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where T = 4C7jft-(Re (S / ))(Re (E J ))T, K is (the fluctuation of) the 5D radion superfield [32] . 
Then the 5D Lagrangian is 

C = 



d q 9 <; E 2 - + 2 ( 1 + -E x ) ft } + 



d*6 



dW 



E 2 - CCu - 3 



c 



-E 1 ($c + T + h.c. ) - 3 ( $ C T + h.c. 

2 



3iU»d u $ c + T + h.c 



+ 



E, 



c 



+ 2id li U» ( $ c - $ c 



-3$ 



c 



2«a u ^ T + h.c. 



+ 



(4.57) 



We have dropped total derivatives. Recalling that the chiral compensator E cp in Ref. [25] 
is identified with S cp = 3$c, this agrees with (3.19) and (3.20) of Ref. [25], except for the 
second line in (3.20) of Ref. [25J. There is no counterpart of the latter in our formulation 
because we do not need the prepotential for S cp to construct an invariant action. In 
Ref. [25], the role of the second line in (3.20) is to cancel the 5$ -variation of the first and 
the third lines. In our formulation, such variation is cancelled by 6gc Q and 5\ C W in (14.401) . 



4.7 Case of warped geometry 

We have assumed the 5D flat spacetime (13.11) as a background geometry. Here we extend 
the results obtained so far to a warped geometry whose metric is given by 

ds 2 = e^rj^dx^dx" - dy 2 . (4.58) 

This is the most generic metric that has the 4D Poincare symmetry. The warp factor <r{y) 
is determined by solving the equations of motion. Especially, for a case of a supersym- 
metric background, it is obtained as a solution to the BPS equations. (See, for example, 
Ref. [30].) A nontrivial warp factor is obtained in a case that the compensator hypermul- 
tiplets are charged under some of the gauge groups, i.e., the gauged SUGRA [31 [391 SO]- 
The warp factor can be easily taken into account in the following way. First we rescale 
each component field by e~ wa , where w is its Weyl weight [27]. Second we change the 
coordinate y as 

dy = e - a{y) dy. (4.59) 
Then, the above background metric becomes the flat one, 

ds 2 = r]^dx"dx v - dy 2 . (4.60) 
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This means that we can obtain the superfield action in the warped spacetime from that in 
the flat spacetime by going back to the ^-coordinate and rescaling each component field 
by e wa . For example, e y 4 transforms under such transformations as 

e y 4 -> e % 4 -> e y \ (4.61) 

where the first transformation is by y — > y and the second one is the Weyl rescaling. Thus 
the background value of Ve remains to be one after these transformations. It is convenient 
to further rescale the chiral superfields <3> a and E 7 as 

e CT S / , (4.62) 

so that the lowest components of the superfields do not contain the warp factor. Then 
the D gauge fixing condition in f )4.52p or ( I4.53P is unchanged. The covariant derivative d y 
transforms as d y — > e a d y , where it is now defined as 

A / 1 _ 1 — — 111 — I— 71 — \ 

d y = d y - e-° ( -D 2 m a D a + -D^ a D A D a + —^-D 2 D a V a + h.c. J . (4.63) 
Notice that 

n = -v E n h - ^v E 2 n v (4.64) 

transforms as Q — > e 3cr Q. This indicates that the coefficient of the kinetic terms for the 
SUGRA superfields is also rescaled by e 3<T . As a result, the 5D Lagrangian is 

C= fd 4 9 e 2a {E 2 - C^C, +2(1 + -Ei) ft 



3 



+ 

where 



Jd 2 6 (e 3a W hypei + W cs ) + h.c. 



(4.65) 



C, = e^dyU, + hyf (D^ a - D a ^„) , (4.66) 

and the definitions of the other quantities are unchanged, except for d y defined in (14. 63ft . 
We have taken into account the warp factor coming from the integral measure (I4.59p . 



5 Summary 

We have completed an M = 1 superfield action for the generic system of vector multi- 
plets and hyp ermultip lets coupled to 5D SUGRA, based on the superconformal formu- 
lation [Il]-[rT]. Especially we specified couplings of the gravitational superfields to the 
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matter superfields, up to linear order in the former. The gravitational superfields consist 
of four superfields (£7 M , Ve, U A ), which correspond to the fluctuation modes around the 
background metric (13.1 p or ( 14. 58ft . The dependence of the action on these superfields is 
uniquely determined by the invariance under the 5D superconformal transformations Sil\ 
5sc , and the (super)gauge transformation 5 gaug e, which are expressed in the M = 1 super- 
field description. Among them, M = 1 part of the 5D superconformal transformation 5$ 
mainly restricts the form of the action. The others are used to fix the coefficients a in ( 14. 18ft 
and b in ( 14.291) . Since ^ a and U 4 can be gauged away by the 52?- and (^-transformations, 
respectively, and Ve can be integrated out as in (14.471) . only remains in the unitary 
gauge. Notice that the matter multiplets need the help of the gravitational fields to form 
J\f = 1 superfields $ a , V 1 and S 7 , and thus they contain the gravitational fields. This 
means that the kinetic terms for the gravitational superfields, i.e., the first two terms in 
the first line of ( 14 . 6 5 j) . do not reproduce the Einstein-Hilbert term by themselves. 

This work can be understood as an extension of the 5D linearized SUGRA [22] to a case 
that the matter superfields also propagate in the bulk. The 5D linearized SUGRA is useful 
to calculate quantum effects, keeping the J\f — 1 superfield structure (HI H2]- Our result 
makes it possible to perform such calculations in more generic 5D SUGRA. For example, 
one-loop corrections to the effective 4D Kahler potential have to be calculated when we 
discuss the stabilization of the size of the extra dimension by the Casimir energy [331 H3] 
in the context of 5D SUGRA. An investigation of such moduli stabilization by means of 
the superfield action obtained in this paper is one of our future projects. 

Another direction to proceed is an extension of our formalism to higher-dimensional 
SUGRA. Although such theories do not have a full superconformal description, the M = 1 
superfield description is possible. (See Ref. j2H H5], in the global SUSY case.) Such 
superfield description provides a powerful tool to discuss SUSY brane-world models. 
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A Transformation law of field strength superfield 

Here we show that the field strength superfields defined by ( 12. 17ft and (I2.21j) correctly 
transform as (superconformal) chiral multiplets with the Weyl weight 3/2. 
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First, consider the Abelian case. From f )2.12p and (I2.17p . we find that 

S sc W a = (-^D 2 L?D a + ~D 2 L a D? - za^DVfy - ia^D^L^ + ^D 2 D a L^j Wp, 

(A.l) 

and L^-dependent terms are certainly cancelled. Here we have used that D^Wp = D^W 13 
and D 2 VVP = -Aia^d^Wp at the zeroth order in W. 
In general, a matrix T a ^ can be expanded as 

Tj = \tJ8J? - Re {(ov)/ V} {<nf ■ (A.2) 

Thus, 

Tj - = Tj - e^e a5 T^ = T^Sj, (A.3) 
since e^e aS (a^)^ = {a^J. Therefore, 

-\&lfD a + \D 2 L a D? = --D'LW.S/, 

-\D 2 D a L? = lD 2 D^5/ - Re {(a^ • \d 2 D s L^ (a^J • (A.4) 
By using these, (1A.1I) is rewritten as 

S sc W a = {-^tfl/Dp - i^D^dy, - ~D 2 Z>% J W a 

{m;D 2 D?L,} (a^W) a . (A.5) 

This is the correct superconformal transformation law of a chiral multiplet. The last term 
of the first line implies that W Q have the Weyl weight 3/2, and the second line is a term 
proportional to the Lorentz generator, which is absent in the case of scalar superfields. The 
chirality of the last term is not manifest, but it is ensured by the last equation in ( 1A.4I) . 
Namely, the ^"-dependent terms are cancelled by summing over the indices /i and v. 
We can check the non- Abelian case in a similar way. From (I2.12p . we obtain 

4c [e V D a e' v } M = (-\d 2 L?D p - i^l/d^ {e v D a e~ v ) - \d 2 D a L? e v D a e~ v 

- l -D a D^L^D p (e v D p e~ v ) - la^D? e v D p e~ v , (A.6) 

which leads to 

S sc W a = (--tfl/Df, - ia^L^dA W a + ^D 2 D a L p Wp. (A.7) 
With the last equation in (1A.4I) . this is the same transformation law as (1A.5I) . 
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B Explicit forms of A/" = 1 superfields in 5D SUGRA 

Here we collect explicit expressions of M = 1 superfields originating from 5D hyper and 
vector multiplets. We omit terms involving the i^-odd gravitational fields. Such terms 
need to be added to the following expressions in order to obtain the complete expressions, 
as mentioned in Sec. 14.51 We take the notations of Ref. [17] for the component fields. 

A hypermultiplet [A%, („, Tf\ (i = 1, 2; a — 1, 2, • • • , 2(n c + riff)) is split into two chiral 
multiplets, 

$2 a-i = ^1 + {Al a ~ l - 2i6C~ + 6 2 F 2a - 1 } , 
$ 2a = (l+ \ 8 J {A a ~ 2i0 C + + 2 F 2a ] , (B.l) 

where 

F u = iTl + {V A A)\ + igM^t^Al, (B.2) 

and the definition of the covariant derivative (Dm^I)" is given in Ref. [17]. The 2-component 
spinor notation of the hyperini, which are the symplectic-Majorana spinor, is defined from 
the 4-component notation in Ref. [T7J as 

c 2 - 1 = (_ c c °:+) , f=(£)- < b - 3 ) 

A 5D vector multiplet [M 1 , W^, Q h , Y Ir ] is decomposed into Af = 1 gauge and chiral 
superfields as 



V 1 = - (9^6) (e" 1 )/ Wi + i6 2 6 {2Q I+ - (ctV^+) W*} 

1 

(e 4 M 7 - iW 1 ) + (2ie 4 fi J - ^ 



-id 2 e {2Q I+ - (a v a^+) W*} + ^6 2 9 2 D I , 
£' = \ (e^M 1 - iWl) + 9 (2ze y W- + 2^~ M 1 ) 



-9 2 {e y 4 (Y n + iY 12 ) + i (V; + iV 2 ) M 1 } , (B.4) 



where 



(B.5) 



D i = 2y /3 _ ( ViM y + (_2fi /+ a^ + h.c.) + ^2V 3 " + 2v\ - ^ upT d u e pT ^j W^. 

The 2-component spinor notation of an S*?7(2)[/-Majorana spinor ip l = Q Il ,tp l M is defined 
from the 4-component notation in Ref. [T7J as 
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C Invar iance of the action 



C.l Gauge invar iance of the action 

Here we check an invariance of the action under the gauge transformation ( 14. 7p . The 
invariance of the hypermultiplet sector is manifest. In the vector multiplet sector, the 
<i 4 #-integral part is also manifestly gauge-invariant since it consists of the field strength 
superfield V 1 and the gauge singlet Ve- Hence the only nontrivial part is the (supersym- 
metric) Chern-Simons terms, 



£ cs = J d 2 6 W cs + h.c, (C.l) 

where W cs is given by (14.191) . 

As explained in Sec. I4.2[ the dependences of £ cs on U^ 1 and (^a) are not fixed 
completely only by the 5^ -invariance, i.e., a constant a in (14.181) remains undetermined. 
As we will show in the following, the gauge invariance determines its value. 

First, £ cs is split into three parts, i.e., £q S = C cs \u^=^ a =o, U^- dependent part A[/£ cs , 
and \l/ Q ,( 1 l r ci )-dependent part A^,£ cs . Their explicit forms are 

£ cs = j d 2 3CV^ ^_ e i w j w k + Jj£ {z u a) w ,} + h _ a> 

Au£ cs = jd 2 e — p {-l^v 2 (U^a,W«) 

+^ (AuZ^W* + \u^Zl J a,W^j } + h.c, 
A*£ cs = Jd 2 6 ^ (A^Z IJa W«) + h.c, (C.2) 



where 



Zl Ja = X l D a d y X J - d y X I D a X J , 
A v Z IJa = --a^U" {X I D a DpD p d y X J + DpD^X 1 D a d y X J 

-d y X I D a D l3 D^X J - D l3 D^dyX I D a X J ) 

-~a« a d y U tx X I D 2 D 6i X J , (C.3) 
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A*Z IJa = -X I D a ( jD 2 ^Dp + ^D^^DpDp + h.c. ) X J 



+ [~D 2 ^Dp + -D^DfiDf, + h.c.^ X I D a X J 

~ (D d * a - D a * d ) X I D 2 D de X J . (C.4) 



The gauge transformation of £cso is calculated as 



W? = ~Jd 2 6^ [\d y (A'XX) - O^A^W*} + h.c. 



(C.5) 



where 



! r° :: ~ , 1 v '\l> 'l 
4 2 



4 !) = -D 2 ^Dp + -D^DgDp + h.c.. (C.6) 



We have used the partial integrals and -D^W^ = DoWq 

After some calculations, the gauge transformation of A[/£ cs is obtained as 

5 gaum A v C cs = ^ ^ { (A ' + 

+ad y [/" (A 7 + A 7 ) W^a^ + h.c.] . (C.7) 

Here we have used the relation — \D 2 = d 2 9 up to the total derivative, and the following 
identity that holds for arbitrary spinors Xa^a, A a . 

- fA - ^ X °^ = 0. (C.8) 



Finally we consider the gauge transformation of A^C 



cs 



5 gauge A*£ cs = - ld 4 9 \ ^5 gmge A*Z IJa W«+h.c. 



where 



jd 4 9 C IJK |a 7 (ef)^ D?X J - O^A'D^X^ W« a + h.c, (C.9) 

^D a D 2 ^p + ~D a D^pD $ j . (CIO) 
We have used (I4.17P in deriving ( 10.9[) . By using (lC.8p . we can show that 

Cu K 0$>A I D a X J W& = -ICukA 1 (o^J D?X J W«, (C.ll) 



31 



up to total derivatives. Thus, we obtain 



CS 



d A e 



3C 



0^ > A 1 D Q X J W« a + h.c. 



- d 2 e 



3C 



UK -,(1) >i, a ,j,.,k 



O^'A'W^W* + h.c 



(C.12) 



Summing up (]C.5p . (10. T|) and flC.12p . we find that S ga _ uge C cs becomes the following total 
derivative when a = 1. 



5 £ cs 

" gauge 



fd 2 e^d y [a'wZw? - \d 2 (^a j w j ^w^) J + h.c. 

= _ Jd 2 e (A 7 W J W X ) + h.c.. (C.13) 

Therefore, the gauge invariance of the action determines the value of a. 

C.2 6j?' -invariance of the action 

Here we show the invariance of the action under the <5 SC -transformation in ( 14.301) at the 
zeroth order in the gravitational superfields. First we consider the hypermultiplet sector. 
From the definition of U in (I4.32p . W($ a ) transforms as 



4 2) W($ odd ) = 1 (y + Y) d y $ odd - -D 2 \N (e- V Y $even} + liV0 y $odd, 

4 2 )W($ cven ) = l -(Y + Y) d y $ even + -D 2 {iVe y $ odd } + iNd y $ even . 

Then, fi hyper and H/ hyper in ffl~20P transform as 
5 (2) Q hype r = J_ dy + f ) |$t dd J ( e V)* $Qdd + $t vcn J e -v $even | 



(C.14) 



4 



odd L 



+iN {& oAA d (e v y d y $ odd + ^lJe' v d y ^ cl 
\& odd d {Ee v Y $ odd - $U (e~ v E) $ c 



h.c. 



5 m W hy P er = q 



Y { & odd d (d y — E) $ cvcn - $* ven rf (a„ + E*) $ 



odd 



+2N {$l dd d (Ee y )' $ odd - $t ven dV y £<t> e 



(C.15) 



■even ^evcn L 



■ odd u,J - y " c 



32 



where we have dropped total derivatives for x M and 9 a (9a). Thus, we can see that 



5 m 



2 Jd A 9 tt hypcr +{J d2e ^ hyper + h -c- 



0. 



(C.16) 



up to total derivatives, by using — \D 2 = d 2 9. Note that the cancellation occurs between 
the (^-variations of the <i 4 #-integral and the <i 2 #-integral. 

Next we consider the vector multiplet sector. For simplicity, we assume that the gauge 
group is Abelian. From (I4.30P and (14.361) . we see that 



(C.17) 



The ratio V 1 /Ve is identified with an M = 1 real general multiplet (4.19) in Ref. [17J. The 
first term in ( 1C.17j) corresponds to (4.15) of Ref. [T7] . Then we obtain the transformation 
law of fi vector defined in (147121) as 



£(2) fi vector 



d y |i (Y + Y) fi vcctor | - ^~C IJK V I V J D a YW a < + h.c.j (C.18) 



Since it is cumbersome to show the invariance of the whole action in this sector, here 

J (2) 

we focus on the quadratic terms in S in the o sc -variation to illustrate the cancellations. 
Then, W cs defined in (14 . 1 9 f) transforms as 

S® ( [d 2 9 W cs + h.c.j = [d 2 9 ^™ (-2S 7 4 2 )>V J W^ + ■•■)+ h.c. 



_ J# 6 ^HEd 2 [£'£><* { (Y + Y) V J } W* + ■■•]+ h.c. 

' d * 9 [ D «y (s 7 + s 7 ) (s J + s J ) w« + ■ ■ ■ + h.c] , 

(C.19) 

where the ellipses denote terms up to linear in S 7 or S 7 . We have dropped total derivatives, 
and used — \D 2 = d 2 9 and the fact that D a Y\? I a is real at the zeroth order in the gravitational 
superfields. Therefore, we can see the cancellation between the 5^ -variation of the d 4 9- 
integral and the <i 2 #-integral, 



2 id 4 9 n vcctor + <! \d A 9 + h.c. 



rCS 



5 m 



up to total derivatives. 

Summing up (1U16D and flU^Oj) . we obtain (OTj) . 



0. 



(C.20) 
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